An isolated quantum system in a pure state may be perceived as thermal if only substantially small fraction of all degrees of freedom is probed. We propose that in a chaotic quantum many-body system all states with sufficiently small energy fluctuations are approximately thermal. We refer to this hypothesis as Canonical Universality (CU). The CU hypothesis complements the Eigenstate Thermalization Hypothesis (ETH) which proposes that for chaotic systems individual energy eigenstates are thermal. Integrable and MBL systems do not satisfy CU. We provide theoretical and numerical evidence supporting the CU hypothesis.
Consider an isolated quantum system in a pure state |ψ . We assume |ψ belongs to a sufficiently narrow energy band
where |E n are eigenstates of energies E n . We probe the system with an operator A, which explores only a small fraction of all degrees of freedom. For example A could be acting on a substantially small subsystem of the full system. In this case Canonical Typicality [1, 2] ensures that there is a high probability that the expectation value ψ|A|ψ would be approximately thermal (microcanonical)
for a typical i.e. random state (1) . Corrections to (2) are suppressed by N −1/2 , where the number of energy levels inside the energy band N =
E+∆E E−∆E
Ω dE is assumed to be exponentially large and Ω(E) is the density of states. Although (2) is true for most states, there might be states inside the band that are not thermal in the sense of (2), as is normally the case for energy eigenstates of integrable models.
In this paper we propose that for quantum chaotic systems all states of the form (1) with a sufficiently small ∆E are thermal. To investigate possible deviation of ψ from thermal equilibrium (as measured by the operator A), we introduce functions A max and A min as the maximal (minimal) possible values of ψ|A|ψ for all normalized states ψ of the form (1),
A min (E, ∆E) = min ψ ψ|A|ψ .
Assuming a discrete spectrum, A max/min is simply the maximal (minimal) eigenvalue of a hermitian N × N matrix A nm with n, m satisfying E − ∆E ≤ E n , E m ≤ E + ∆E. As such it is a monotonic function of ∆E for fixed E. The functions A max/min − A micro specify the maximal/minimal possible deviation from thermal behavior, as measured by the operator A, for all states (1) . It is then convenient to introduce a function ∆E(E, x) defined through [18] A max (E, ∆E(x)) − A micro (E) = x , for x > 0 ,(5) A min (E, ∆E(x)) − A micro (E) = x , for x < 0 . (6) Function ∆E(x) specifies minimal width of an energy band that includes at least one non-thermal state that exceeds some "tolerance level" x. Note that instead of A micro we could use another definition of thermal expectation value, say the canonical one. Normally we will consider x to be much larger than the ambiguity associated with different ways to define a thermal expectation value. It is convenient to normalize A rendering it dimensionless. In case of a finite-dimensional local Hilbert space we require A = 1, which limits |x| ≤ 1.
The operator A could be a macro-observable associated with some extensive quantity. Qualitatively, in this case ∆E(x) specifies the minimal amount of energy fluctuations necessary to deviate from macroscopic thermal equilibrium (MATE), as defined in [7, 8] . For operators A that are confined to a particular small subsystem, one can speak of energy fluctuations necessary to deviate from the microscopic thermal equilibrium (MITE). In the latter case ∆E(x) can be defined without specifying any particular A. Rather, for a system in a state ψ we define the reduced density matrix of the subsystem ρ ψ , and introduce x via the trace distance or other appropriate norm,
The maximum here is taken over all states (1) belonging to the band of width ∆E = ∆E(x), and ρ micro (E) is the reduced density matrix of the microcanonical ensemble.
We propose that in a chaotic system, for any operator A, up to exponentially small corrections ∆E(x) can be described by a smooth function γ(x), modulo a possible non-analyticity at x = 0, ∆E(E, x) = γ(E, x) + O Ω −1 .
From the definition of ∆E(x), γ(x) should be a monotonically non-decreasing function for x > 0 (non-increasing for x < 0). In the thermodynamic limit V → ∞ with E/V kept fixed, for small x, γ(x) = γ 0 x δ + · · · . Leading exponent δ depends on operator, for a generic one δ = 2. Coefficient γ 0 may be volume-dependent, but is not smaller than an inverse power of a characteristic system size, γ 0 ≥ L −a , for some A-dependent a ≥ 0. For large but finite systems γ(x) remains strictly positive for x = 0 and is zero only at x = 0. Thus to deviate from thermal equilibrium by a small amount x, one has to consider states built from energy eigenstates spanning a sufficiently wide interval ∆E = γ(x) > 0. In particular, for the value of x below the accuracy of a measurement, all states in an energy band ∆E < γ(x) are thermal. We will refer to (8) and properties of γ(x) as Canonical Universality (CU). While Canonical Typicality establishes that typical states from a narrow energy band are approximately thermal with an exponential precision, Canonical Universality postulates that all states from a sufficiently narrow band (1) are approximately thermal with the precision controlled by the band size ∆E [19] . Clearly (8) is not satisfied in integrable or MBL systems, where expectation values in neighboring energy levels could differ by a finite amount, i.e. ∆E(x) can develop characteristic plateau ∆E ∼ Ω −1 for a finite range of x (as we will later see in Fig. 1 and Fig. 4 ). In particular, this means the behavior of ∆E(x) can be used as an order parameter to distinguish chaotic and non-chaotic phases.
Smooth behavior of γ(x) requires that for ∆E ∼ Ω −1 , x should be exponentially small. In other words, if we consider nearby states E m and E n , matrix elements A mm and A nn must be exponentially close [20] and A mn must be exponentially small. This is reminiscent of the Eigenstate Thermalization Hypothesis (ETH) [3, 4] , which proposes that matrix elements A nm in energy eigenbasis have a form [5] A nm = A eth (E)δ nm + Ω −1/2 (E)f (E, ω)r nm , (9) E = (E n + E m )/2 , ω = (E m − E n ) .
Here A eth and f are smooth function of their arguments, and "fluctuations" r nm by definition have unit variance. CU (8) indirectly constrains (9) when there is an exponentially large number of states between n and m.
If we assume r mn are independently distributed, compatibility of (8) and (9) will become apparent. It is convenient to replace A micro of (5) and (6) by A eth (E), and similarly ρ micro of (7) by the universal density matrix of the subsystem ETH introduced in [10] . From the results for a band random matrix [15] one finds that γ(x) can be expressed in terms of f . To illustrate this relation we first consider a special case, taking variance σ 2 = |f (E, ω)| 2 of the off-diagonal matrix elements to be constant for |ω| ≤ 2∆E, and r mn to be a Gaussian Random Matrix compatible with the global symmetries of the problem [21] . When ∆E is sufficiently small so that the total number of energy levels inside the band (1) can be approximated as N ≈ 2Ω(E)∆E, value of x from (5,6) is readily given by the largest (smallest) eigenvalue of the Gaussian Random Matrix R nm = Ω −1/2 f r nm of size N ,
Relaxing that σ = f or Ω are constant within the energy band will result in higher power corrections in x [22] . In full generality, band random matrix approximation provides the following bound on x 2 (see supplementary materials),
The behavior of the right hand side of (11) can be deduced from the connected two-point function C(t) = E|A(t)A(0)|E c associated with energy E [11, 12] ,
Because of oscillatory behavior of sin(t∆E)/t integral in the left hand side of (12) can be approximated as an averaged value of C(t) on an interval 0 ≤ t < T ∼ ∆E −1 . For a local operator A and a translationally invariant system, let us consider thermodynamic limit L → ∞, while always keeping ∆E −1 smaller than thermalization time τ , time when C(t) becomes L-dependent. In case of a diffusive quantity A this is Thouless time τ ∼ L 2 . Behavior of f (ω) for |ω| < ∼ τ −1 is expected to be volume-dependent [12] , but remarkably (12) shows that the integral of |f (ω)| 2 for ∆E > ∼ τ −1 only depends on universal (L-independent) behavior of C(t). After taking thermodynamic limit C(t) is expected to vanish as t → ∞. Thus the integral in (12) will go to zero when ∆E → 0. This means x 2 (∆E) → 0 when ∆E → 0, implying γ(x) for x = 0 should remain strictly positive even after taking thermodynamic limit.
This conclusion is perhaps too strong as it is based on an unjustified assumption that r nm are independently distributed. Still this is expected to hold for bands not exceeding Thouless energy ∆E < ∼ τ −1 . Say, for a diffusive system in one dimensions C(t) ∼ t −1/2 and (11) gives
Finally we note that operators of the type A = i[H, B] for some B, to which we will refer as descendant operators, exhibit the behavior γ(x) ∝ x δ with δ < 2. As we discuss in supplementary materials descendant operators must satisfy the inequality ∆E(x) ≥ |x|/(2 B ). Thus for such operators ∆E(x) at x → 0 increases much faster than the generic x 2 behavior. This is physically sensible as such operators are exactly thermal in an energy eigenstate and to deviate from thermal equilibrium one would need a larger amount of energy fluctuations. 
Numerical plot of ∆E(E = 0, x) for the operator (14) and L = 16, 17 in the non-integrable case h = 0.1 superimposed with the integrable case L = 17, h = 0 (dashed line). While ∆E(x) in the non-integrable case is smooth for all x, in the integrable case it exhibits a characteristic plateau behavior. In the limit L → ∞, the plateau ∆E ≈ 0 will stretch to at least |x| 0.06. Inset: zoomed region of small x. Numerical values for ∆E(x) and L = 16, 17 and h = 0.1 superimposed with the theoretical fit ∆E(x) = x 2 /(8σ 2 0 ) (black line).
We illustrate different behavior ∆E(x) with help of Ising spin-chain model with the Hamiltonian
For comparison we present the results for a nonintegrable g = 1.05, h = 0.1 and integrable g = 1.05, h = 0 cases. For a given energy band, the value of x(E, ∆E) can not be smaller than the variations of the thermal expectation value A micro (E ) for E inside the interval |E − E | ≤ ∆E. In the thermodynamic limit these variations will be suppressed as 1/V , which provides an upper bound on the convergence rate of ∆E(E, x). To minimize effects associated with finite L, we present numerical results for the local operator
which has very small variance of A micro (E) in a wide range around E = 0. We choose center of the band to be at E = 0 at it corresponds to maximal density of states and infinite temperature. The plot shown in Fig. 1 , supports the conclusion that ∆E(x) in the non-integrable case quickly becomes a smooth function, which, for small x, is well approximated by (10) . The plot for the same operator (14) in the integrable case h = 0, also shown in Fig. 1 , clearly indicates ∆E(x) remains non-smooth and exhibits a characteristic plateau at small ∆E.
To access convergence of ∆E(x) to a smooth γ(x), we introduce the "deviation norm" ||∆E(x) − γ(x)||, defined as the variance of the difference ∆E i − γ(x i ) for (14) , h = 0.1, and different L = 12−17. Inset: plot of γ0 for the best fourthorder polynomial fit (for the region ∆E ≤ 0.2) superimposed with the constant value 1/(8σ0) 2 (dashed horizontal line).
The intervals ∆E i represent incremental increase of the number of levels inside the interval, N (∆E i+1 ) = N (∆E i ) + 1, and γ(x) is a best degree-four polynomial fit of ∆E(x). The plot in Fig. 2 shows a rapid decrease of the deviation norm with the system size, supporting (8) . Numerical values of γ 0 , which we define as the x 2 coefficient of the best polynomial fit, are shown for different L in the inset of Fig. 2 . The results are consistent with the proposal that γ 0 may at most polynomially depend on L −1 . As we discussed earlier, if r nm are random and independent and f is approximately constant at small ω, δ = 2 and γ 0 = 1/(8|f | 2 ). We now test this relation numerically. For this purpose it is convenient to introduce running average variancē
where the sum is over all states inside the band [E − ∆E, E + ∆E]. In the thermodynamic limit, when (9) applies and for sufficiently narrow ∆E Ω −1 , such that Ω(E) is approximated constant within the energy band,
The plot of Ω 1/2Σ (∆E) for operator (14) , E = 0, and different L, depicted in Fig. 3 , shows that for ω of order one f (0, ω) quickly approaches a universal L-independent form . The same conclusion is corroborated by the analysis of two-point function A(t)A(0) c (see supplementary materials).
The inset of Fig. 3 suggests that Ω(0)Σ(0, ∆E) at ∆E → 0, and hence f (0, ω → 0), approach a constant f = σ 0 ≈ 0.255. This numerical value together with (10) provide a good approximation for actual ∆E(x), as shown in the inset of Fig. 1 . Besides, 1/(8σ 2 0 ) and the value of γ 0 we read from the best polynomial fit of ∆E(x) are also reasonably consistent, see the inset of Next, we discuss CU in the context of a subsystem, when the deviation from thermal equilibrium x is defined through (7) . In practice it is more convenient to define x in terms of the Frobenius norm (for a one-spin subsystem considered below these definitions coincide),
Here ρ ψ is the reduced density matrix of the subsystem, and ρ micro is the thermal density matrix, which in case of infinite temperature is given by I/d (d stand for the dimension of the Hilbert space of the subsystem). We have also introduced s 2 as the second Renyi entropy associated with the state ρ ψ , while s 0 ≡ log(d). The definition (17) emphasizes the role of entanglement entropy as a measure of proximity of the reduced state to the thermal one. Thermal behavior is associated with the maximal volume-law entanglement s 2 = s 0 and x = 0. This is in contrast to "non-thermal" energy eigenstates of integrable and MBL systems, which exhibit sub-volume entanglement.
With help of the results of [16] , the problem of calculating ∆E(x) defined through (17) can be reformulated as a maximization problem on a unit sphere
Here λ max denotes largest eigenvalue of a Hermitian matrix and σ
, is the restriction of the full set of operators acting on the subsystem onto the energy band [E − ∆E, E + ∆E].
For the subsystem consisting of one leftmost spin, d = 2, and maximization in (18) can be readily performed. Numerical results for nonintegrable and integrable cases are shown in Fig. 4 . In the non-integrable case ∆E(x) is smooth and is characterized by ∝ x 2 behavior at small x.
For the integrable case ∆E(x) is not smooth and exhibits a characteristic plateau near ∆E = 0. Finally, we discuss the case of averaged quantities, e.g. full magnetization
First, we note that deviation of an averaged quantity from equilibrium requires deviation of all corresponding local quantities as well. Accordingly ∆E(x) for an averaged quantity can not be smaller than ∆E(x) for the corresponding local operator, which ensures universality, i.e. γ(x) > 0 for x = 0 for large but finite systems. Numerical plots show that ∆E(x) is smooth in the chaotic case, while non-smooth when the system is integrable. Volume dependence of ∆E(x) is more complicated. Analytic argument presented in the supplementary materials show that ∆E(x) must exhibit different scaling with L for different values of x.
Let us summarize our findings. We argued that for quantum chaotic systems, all states from a sufficiently narrow energy band must be approximately thermal in terms of microscopic and macroscopic equilibrium. This behavior, which we refer to as Canonical Universality, can be quantified in terms of function ∆E(x) that specifies maximal deviation from thermal equilibrium for states from a narrow energy band. We propose that in the chaotic case for a general operator ∆E(x) = γ(x) becomes smooth and exhibits γ ≈ γ 0 x δ , δ ≥ 2, behavior at small x. We provided analytic and numerical evidence that γ 0 is at most polynomially dependent on L −1 . We expect that γ 0 , which has dimension of energy, is related to the characteristic time-scale of thermalization t 0 . Finally, we note that ∆E(x) provides an efficient way to distinguish chaotic systems from non-chaotic ones. In particular, γ 0 can be used as an order parameter for transitions to chaos from integrable or MBL phases, providing new tools for these outstanding issues.
• Let us consider an energy band of width 2∆E centered around E. We will keep ∆E and E/V fixed, while volume grows V → ∞. Assuming the system admits thermodynamic limit, both A eth (E) and f (E, ω) introduced in (9) are expected to smoothly depend on E only through temperature T = T (E/V ). Hence one can approximate (E n + E m )/2 by the median energy of the band E. With an additional assumption that ∆E is narrow enough such that the density of states Ω within the band is approximately constant, (9) can be rewritten as follows,
Assuming independent nature (but not necessarily Gaussian form) of random variables r nm , equation (19) defines a band random matrixÃ nm = (A nm − A eth (E))/ √ 2∆E, which was studies by Molchanov, Pastur, and Khorunzhii in [15] . Namely, they consider a band random matrix A nm , n, m = 1, . . . , N , with all elements being independently distributed, and the variance specified by an even non-negative function v 2 (t),
Under some technical assumptions, the generating function
can be expressed in terms of an auxiliary function r(z) =
while the latter satisfies a particular integral equation. This integral equation can be rewritten as a system of recursive relations for a k (t),
To obtain a bound on a k (t) we introduce ||a k || = max t∈[−1/2,1/2] |a k (t)| and immediately find
These inequalities are saturated when v 2 (t) is a constant. In the latter case the full nonperturbative solution for r(t, z) is known, yielding
Since
a k (t)dt ≤ ||a k || we find that the expansion (22) is convergent for
Using the definition of v 2 (19) andÃ nm we obtain (11). (23) can be solved perturbatively, expanding in powers of δv 2 ,
Here u 1 is linear in δv 2 , u 2 is quadratic and so on. Expansion (22) became divergent at |z| = 2(v 2 0 + u 1 + u 2 /v 2 0 + . . . ), which is the value of largest/smallest eigenvalue of A. Going back to (19), one can express x(∆E) as
where the higher order terms in x are implicitly absorbed into a single coefficient σ v (∆E(x)),
It is interesting to note that up to linear term, (28) coincides with the integral in (16) . Hence, when f (E, ω) is almost constant, σ 2 v can be approximated as ΩΣ 2 (∆E).
II. CANONICAL UNIVERSALITY FOR OPERATORS A = i[H, B]
Consider an operator A of the form
for some B and the Hamiltonian H. If H includes only local interactions and B acts on a small sub-system then A would be local as well. Operators of the form (29), which we call "descendants", are special in the sense that they trivially satisfy ETH,
which means A eth (E) = 0 for any E. Furthermore for any pure state ψ of the form (1),
where ψ 1 = (H − E)ψ. Consequently, |x| is bound from above by
where we used |ψ 1 | ≤ ∆E. This leads to the bound
We plot ∆E(x) for A = σ 
Notice, thatg is finite in the infinite volume limit L → ∞, and hence ∆E(x) can not be smooth at x → 0. We plot ∆E(x) for σ 1 z and the corresponding theoretical bound in Fig. 5 . In fact σ i z for any i in the integrable case is a descendant, and so is the average magnetization operator
In the latter case the norm of |B| grows with L, and therefore the bound (33) becomes obsolete in the thermodynamic limit. The plot for A z (Fig. 12) suggests that despite integrability ∆E(x) actually becomes a smooth function of x with the characteristic ∝ x 2 behavior at small x. This is reminiscent of observation that macroscopic observables are thermal in most eigenstates for both chaotic and non-chaotic systems [7, 8] .
III. DENSITY OF STATES
The non-integrable model (13) was numerically studied in [10] . There it was observed that the density of states is well approximated by the binomial distribution
with κ given by
-g|x| -g|x| shown in Fig. 3, Fig. 9, and Fig. 13 . When L becomes large Ω(0) can be approximated as
The factor L −1/2 contributes to the correct scaling behavior of f (E = 0, ω). (14) in case of L = 17, h = 0.1 as a function of En/L.
FIG. 7: Expectation values
En|A|En for A = σ 1 x , A = σ 1 z , and A given by
IV. CHOICE OF OPERATOR A
For a given energy band, the value of x(E, ∆E) can not be smaller than the variations of the thermal expectation values A micro (E ) or A eth (E ) for E inside the interval |E − E | ≤ ∆E. Since in the chaotic case A eth (E) is a smooth function of E, these variations are of the order ∆E(dA eth /dE) and are expected to be suppressed as 1/V in the thermodynamic limit. To minimize finitesize effects we would like to identify an operator with a small value of dA eth /dE. Looking at the one-spin operators acting on the leftmost spin (see Fig. 7 ) we observe that A eth (E) for both σ 1 z and σ 1
x are approximately linear function of E with some non-zero slope, such that the combination (14) has almost vanishing expectation value for a wide range of E around E = 0.
V. TWO-POINT FUNCTION A(t)A(0) c
Function f (E, ω) can be constrained through the behavior of the connected two-point function [11, 12] ,
Assuming (9), the integral of C(t) can be rewritten as follows
In the thermodynamic limit f (E, ω) is expected to depend on E only through temperature. This can be used to simplify (38) by neglecting ω in the first argument of f . Furthermore, when ∆E is much smaller than the temperature associated with the energy E n , ω-dependence inside Ω also can be neglected leading to (12) . When the system is substantially large C(t) will smoothly depend on energy E n , but not on the choice of an individual eigenvector |E n . Numerically, we define A(t)A(0) c as E n |A(t)A(0)|E n c for E n = 0 by averaging over hundred states in the middle of the spectrum,
VI. ANALYSIS OFΣ AND A(t)A(0) c FOR DIFFERENT OPERATORS
Here we provide additional details of the analysis of the numerical results. Based on the plot forΣ in the main text (Fig 3) we conclude that f (0, ω) for a given ω should be L independent. The same conclusion can be reached from the analysis of two-point function A(t)A(0) c shown in Fig. 8 . In this case temperature is formally infinite, and therefore (12) applies so far ∆E L 1/2 . Numerical plot clearly shows that the twopoint function quickly converges to an L-independent form for 0 ≤ t ≤ t * (L), where t * ∼ L is the time of the "rebound" when the finite-size effects become important. Hence for substantially large L, any fixed t would satisfy L −1/2 t t * , rendering the integral in the left-hand-side of (12) L-independent. This confirms Lindependence of f (0, ω).
When ∆E → ∞ the behavior ofΣ(∆E) can be deduced from the inequalitȳ
and an explicit form of Ω (37). When ∆E is so large that the band includes almost all states, Ω 1/2 (0)Σ(0, ∆E) goes to zero as L −1/4 . The limit of small ∆E → 0 is more difficult to probe. For t ≥ t * (L) the behavior of A(t)A(0) c is not universal, Next, we analyze one-spin operator A = σ 1 x . The corresponding plots forΣ (Fig. 9) and A(t)A(0) c (Fig. 10 ) support the same conclusion as above: f (0, ω) is L independent in the thermodynamic limit. The plot of ∆E(x) for σ 1 x in the integrable and non-integrable case is shown in Fig. 11 . In the non-integrable case function ∆E(x) becomes smooth and is reasonably described by (10) at small x. The corresponding value of σ 0 ≈ 0.58 is determined as the limit of f (0, ω) as ω approaches zero, see the inset of Fig. 9 . The plot for integrable case exhibits a characteristic plateau at ∆E ≈ 0. Using free fermion representation of the integrable model (13) with h = 0, one can show the plateau at ∆E ≈ 0 in the thermodynamic limit L → ∞ must stretch to at least |x| ≈ 0.64. This also implies the plateau at Fig. 1 will stretch to at least |x| ≈ 0.06.
As a last step we analyze extensive operators A x/z = i σ i x/z /L. The plots of ∆E(x) for integrable and nonintegrable cases is shown in Fig. 12 . In the non-integrable case ∆E(x) for both operators is smooth and is ∝ x 2 at small x. In the integrable case ∆E(x) for A x develops a characteristic plateau near ∆E ≈ 0 and is not smooth. The plot of ∆E(x) for A z in the integrable case is smooth and qualitatively indistinguishable from the non-integrable case, which we assume is the consequence of A z being a descendant operator. The plot of Σ for A x/z (Fig. 13) clearly shows 
VII. VARIANCE OF Anm
It was observed in [10] that in the model in question the fluctuations of the diagonal matrix elements A nn of local operators are well described by the Gaussian distribution. The procedure of calculating A eth (E) and the variance R 2 (see the inset of Fig. 1 ), should be twice smaller than R 2 nn . This is satisfied, but only with ∼ 15% accuracy:
This mismatch is illustrated in Fig. 15 .
VIII. CALCULATION OF ∆E(x) FOR A SUBSYSTEM
For a subsystem of arbitrary size and energy E associated with infinite temperature, we define deviation from the microscopic thermal equilibrium by comparing reduced density matrix ρ ψ with the thermal one ρ th = I/d,
Here d is the dimension of the Hilbert space of the subsystem and s 2 -second Renyie entropy. To calculate x as a function of state ψ we introduce a full set of traceless Hermitian operators acting on the subsystemσ k ,
In case of the subsystem consisting of one spin, d = 2 and σ k are simply Pauli matrices σ k . Then x(ψ) is given by
To find x(∆E) we need to maximize (43) over all ψ of the form (1). Numerically it can be done by introducing N × N matrices (σ k ) nm = E n |σ k |E m , and using Lemma 2 from [16] to reduce the original problem to an optimization problem on a sphere, c ∈ S
Here λ max (σ) is the largest eigenvalue of a Hermitian matrix σ. In case of the leftmost spin, vector c ∈ S 3 can be conveniently parametrized with help of two angles c · σ = cos θ σ Maximization over 0 ≤ θ ≤ π and 0 ≤ φ ≤ π (it is enough to cover only half-sphere because λ max (σ) = λ max (−σ)) can be done by introducing a discretization of both intervals and then scanning through all possible values. Numerical calculations for all considered ∆E and L shows that maximum of λ max ( c · σ) is achieved at φ = 0. This is presumably related to the fact that σ 1 y is a descendant operator and requires more energy fluctuation to deviate from thermal equilibrium. This observation substantially simplifies calculations as it reduced the problem of finding global maximum to optimization with respect to only one parameter θ. The latter problem can be solved in a variety of ways, e.g. with help of Newton's method using analytic expression for the gradient dλ max ( c · σ)/dθ in terms of eigenvectors of c · σ.
• 
IX. ANALYTIC BOUNDS ON ∆E(x)
In certain cases volume dependence of ∆E(x) can be constrained by simple analytic arguments. For example let us consider an average magnetization operator A z = i σ i z /L. There is a unique state ψ which maximize deviation from the thermal equilibrium, A z ψ + = ψ + . State ψ + has all spins "up" and its average energy scales with the volume ψ + |H|ψ + = L(h − 1) + 1. Hence, ψ + would belong to an energy interval [E − ∆E, E + ∆E] centered around E = 0 only if ∆E scales linearly with the volume. More generally, for averaged quantities A, and sufficiently large deviations x, approaching maximal (minimal) possible values, ∆E(x)/V should remain finite in the thermodynamic limit. This is also the behavior suggested by scaling of |f | 2 shown in Fig. 13 . There is another argument which bounds volumedependence of ∆E(x) for small x. Let us consider a one-dimensional system (13) or, more generally, a translationally invariant lattice model in any number of dimensions with one linear dimension L taken to be much larger than all other ones. We can divide the system into two sub-systems of the respective lengths L 1 and L 2 , L = L 1 + L 2 , by turning off interacting terms in the Hamiltonian. Let us consider a state ψ 0 which is a tensor product of eigenstates of the corresponding subsystems
From the point of view of the original system, state ψ describes a state after a sudden quench when the interaction between two subsystem is turned on. Independently of values of E 1 and E 2 , this state has mean energy E = ψ 0 |H|ψ 0 = E 1 + E 2 + O(1), and energy variance δE 2 = ψ 0 |(H − E) 2 |ψ 0 = O(1), where O(1) indicates scaling with respect to L [6] . Although ψ 0 may include contributions from energy eigenstates |E n with E n significantly different from E, an energy interval of width ∆E ∼ δE centered around E is expected to include most of the components of ψ 0 . For the appropriate E 1 and E 2 state ψ 0 will bring A out of equilibrium. For an averaged quantity A, in the limit L 1 , L 2 → ∞ expectation value ψ 0 |A|ψ 0 is given by
The deviation from the thermal equilibrium x is the difference between (47) and thermal expectation value A eth ((E 1 + E 2 )/L). Taking thermodynamic limit while keeping the energy density E i /L i = i and ratio λ = L 1 /L fixed, we find
We see that deviation x measures deviation of A eth ( ) from a straight line. In general x is finite in the thermodynamic limit. This argument shows that for x small enough, such that it can be achieved for a given E through (48) by choosing an appropriate 1 , 2 , λ, necessary interval width ∆E(E, x) will not grow with L.
The combination of these two arguments readily shows that for a typical averaged quantity A, ∆E(x) should scale differently with V for different values of x. We expect different scaling of ∆E(x) for different x also to apply for local operators as well.
